In this paper, discus functional calculus properties of 0 -groups on real interpolation spaces using transference principles. Obtain interpolation versions of the classical transference principle for bounded groups and of a recent transference principle for unbounded groups. Then showed in (Markus, H., & Jan, R. 2016) that all group sequence of generators on a Banach space has a bounded 0 ∞ -calculus on real interpolation spaces. Additional results are derived from this.
Introduction
The classical transference principle yields series estimates Also obtain an interpolation version of the transference principle for unbounded groups from (Girardi, M., & Weis, L ,2003) as Proposition 3.1. In terms of functional calculus for the parts of in . , ( )/ ,(1+ )
, these transference principles yield a result for functions in the analytic Mikhlin algebra 
Here (1 + ) ∶= * ∈ ℂ ||Im( )| < + for > 0 , where the quantity ∑ ‖ ‖ = sup ∈ (1+ ) natural in the setting of transference principles on (inhomogeneous) Besov spaces, since Fourier multiplier results on such spaces require an inhomogeneous condition at zero. See also Remarks 3.7 and 4.2.
The main functional calculus result is as follows. For the group type ( ) see (2), and for a proof of this result see Theorem 4.1.
Theorem 1.3 Let − be the sequence of generates 0 -group ( ( )) ∈ℝ ⊆ ℒ( ) on a Banach space , and let (0 < < 1), (0 ≤ ≤ ∞) . Then the parts of in . , ( )/ ,(1+ ) has bounded 1 ∞ . (1 + ) / -calculus for all > ( ) . If ( ( )) ∈ℝ are uniformly bounded then the constant bounding the 1 ∞ .
(1 + ) /-calculus can be chosen independent of > 0.
In (Girardi, M., & Weis, L, 2003) , Theorem 1.3 is obtained for group generators on UMD spaces and functional calculus for the sequence of operators itself. The result shows that on interpolation spaces no assumptions on the geometry of the underlying space are required. This means that even when the underlying space is not UMD, for instance when = ( ) or = 1 , for group sequence of generators − one can obtain functional calculus results on the real interpolation spacess . , ( )/ , (1+ ) . Therefore, the results reaffirm the philosophy that the functional calculus properties of sequence of operators improve when restricted to interpolation spaces, as was already evidenced for functions on sectors by the results of Dore (Haase, M, 2006) . From Theorem 1.3 we deduce other functional calculus statements, for principal value integrals, sectorial sequence of operators and sequence of generators of cosine functions.
Provides the necessary background on functional calculus and the theory of Fourier multipliers on Besov spaces. Establish transference principles on interpolation spaces, and prove Theorem 1.3. Contains additional results that can be derived from this.
Notation and Terminology
The natural numbers are ℕ ∶= *1, 2, . . . +, and write ℕ 0 ∶= ℕ ∪ *0+. The letters and denote Banach spaces over the complex number field, and ℒ( ) is the Banach algebra of all bounded sequence of operators on . The domains ( ) ⊆ of a closed unbounded sequence of operators on is a Banach space when endowed with the series norms ∑‖ ‖ ( ) ∶= ‖ ‖ + ∑‖ ‖ ( ∈ ( )).
The sequence of spectrums of are ( ) and the resolvent sets ( ): = ℂ ( ). For ∈ ( ) the sequence of operators ( , ): = ( − ) −1 ∈ ℒ( ) are the resolvents of at .
For(0 ≤ ≤ ∞), (1+ ) (ℝ; ) is the Bochner space of equivalence classes of -valued Lebesgue (1 + )-integrable functions on ℝ. The Hӧlder conjugate of (0 ≤ ≤ ∞)is (1+ ) . The norm on (1+ ) (ℝ; ) is usually denoted by ‖·‖ (1+ ) . In the case = ℂ simply write (1+ ) (ℝ) ∶= (1+ ) (ℝ ; ℂ).
By (ℝ) denote the space of complex-valued Borel measures on ℝ with the total variation norm. For ≥ 0 Let (ℝ) consist of those µ ∈ (ℝ) of the form µ ( ) = − | | ( ) for some ∈ (ℝ), with ∑‖µ ‖ (ℝ) ∶= ∑‖ |·| µ ‖ (ℝ) .
Note that (ℝ) is a Banach algebra under convolution. functions such that 0 ↦ ( ) | | 1 ∈ 1 (ℝ) are usually identified with its associated measures µ ∈ (ℝ) given byµ ( ) = ( ) . supermom series norms
Mainly consider the case where Ω are strips of the form
The Schwartz class (ℝ; ) is the space of -valued rapidly decreasing smooth functions on ℝ, and the space ofvalued tempered distributions is ′ (ℝ; 
a Banach space when equipped with the series norms
( ∈ ( , ) ,(1+ ) ) .
If ∶ + → + restricts to bounded sequence of operators on and bounded sequence of operators on then
for all (0 < < 1)and (0 ≤ ≤ ∞). Mainly consider interpolation spaces for the couple ( , ( )), where are closed sequence of operators on . Write ( , (1 + )): = . , ( )/ ,(1+ ) and‖ ‖ ,(1+ ) ∶= ‖ ‖ ( ,(1+ )) ( ∈ ( , (1 + ))).
For the sequence of operators on and a continuously embedded space ↪ , the sequence of operators ( ) on that satisfies ( ) = for elements in its domains
are the parts of in . If = ( , (1 + )) for (0 < < 1) and (0 ≤ ≤ 1) then write ( ) ,(1+ ) ∶= ( ) ( ,(1+ )) .
Functional Calculus and Fourier Multipliers

Functional Calculus
Assume that the familiar with the basics of the theory of 0 -groups as presented in (Haase , M , 2007) , and merely recall some of the notions and results in functional calculus theory that are used. Details on functional calculus for group the sequence of generators can be found in (Haase , M , 2009) .
is finite. Moreover, are strips type sequence of operators of heights ( ) 0 ∶= ( ), i. e. , ( ) ⊆ (1 + ) and Here (1 + )́ are the positively oriented boundary of (1 + )́ for ( ) 0 ∈ (( ) 0 , ). This procedure is independent of the choice of ́ by Cauchy's theorem, and yields algebra homomorphism's ℰ . (1 + ) / → ℒ( ).
The definitions of ( ) are extended to a larger class of functions by regularization, i.e. Since − be the sequence of generates 0 -group, the Hille-Phillips functional calculus for yields certain functions that give rise to bounded the sequence of operators ( , (see .e.g., (Markus, H., & Jan, R. 2016) .Fix ≥ 1 and ≥ 0 such that ∑ ‖ ( )‖ ≤ ∑ | | for all ∈ ℝ. For µ ∈ (ℝ) define
Then µ ↦ µ are algebra homeomorphisms (ℝ) → ℒ( ). The following lemma, Lemma 2.2 in (Simon, J., Ahmed, S., Hala, T., & Ranya, T ,2019) , shows that the Hille-Phillips calculus extends the strip type calculus for . b) If− the sequence of generates 0 -group ( ( )) ∈ℝ on and (1 < < ∞) , then − ( ) the sequence of generates the 0 -groups ( ( ) ) ∈ℝ . In particular, ( ) is dense in.
Proof. a) First note that, for all
By ( for some contour Γ and all ∈ . For a general ∈ ℳ ( (1 + ) ), note that is a regulariser for in the functional calculus for ( ) if it are regulariser for In the functional calculus for , since then .( ) / = ( ) are injective. The rest follows by regularization. b) By (5), ∑ ‖ ( ) ‖ ≤ ‖∑ ( )‖for all ∈ ℝ. Hence ( ( ) ) ∈ℝ are locally bounded. Since it is strongly continuous on the dense subset .( ) max ( , ) / ⊆ by (Haase, M, 2013) . ,it is strongly continuous on. By ( Haase , M , 2007 , p. 60 ) , − are its the sequence of generators.
Remark 2.3 It follows from part b) of Lemma 2.2 that, for ∈ ( , (1 + )) with (0 < < ∞),
exists as an integral of ( , (1 + )) -valued functions . Even though in general ( ( )) ∈ℝ are not strongly continuous on ( , ∞), for ∈ ( , ∞) (9) exists as an integral of an -valued function. Since ( , (1 + )) are continuously embedded in for all (0 < < 1) and (0 ≤ ≤ ∞), the value of (9) does not depend on the space in which consider ↦ ( ) . Hence regularly will not specify in which space consider (9).
Let be a strip type the sequence of operators of heights ( ) 0 and > ( ) 0 . For a Banach algebra of functions that is continuously embedded in ∞ ( (1 + ) ), say that has a bounded -calculus if there exists a constant ≥ −1 such that ( ) ∈ ℒ( ) with
The next lemma from (Haase , M ,2009 ) is fundamental.
Lemma 2.4 Let be a densely defined strip type the sequence operators of heights ( ) 0 on a Banach space . Let > ( ) 0 and ( ) ∈ ⊆ ∞ ( (1 + ) ) be a net satisfying the following conditions:
Fourier Multipliers on Besov Spaces
Let summarize some results about Fourier multipliers on vector-valued Besov spaces which will be used . Details can be found in (Dore , G, 2001) .
For ∈ ℕ and ∈ ℝ let . / ( ): = (2 − | |), and let. / . Then ( ) (1+ ),(1+ ) (ℝ; ) are Banach space such that (ℝ; ) ⊆ ( ) (1+ ),(1+ ) (ℝ; ) , and a different choice of leads to an equivalent series norms on
For ∈ ℕ and (0 ≤ ≤ ∞) the Sobolev space
is a Banach space when endowed with the series norms
In the case = ℂ simply write ,(1+ ) (ℝ) = ,(1+ ) (ℝ; ℂ).
The following lemma, the fact that the constant (1 + )does not depend on the underlying Banach space follows from a direct sum argument.
Lemma 2.5 Let (0 < < 1), (0 ≤ < ∞), (0 ≤ ≤ ∞)and ∈ ℕ. Then there exists a constant > −1 such that, for each Banach space ,
all µ ∈ (ℝ) induces bounded ( ) (1+ ),(1+ ) (ℝ; )-Fourier multiplier ℱµ with
The main result about Fourier multipliers on Besov spaces that use is the following, Corollary 4.15 from (Dore, G, 2001) .
Proposition 2.6 There exists a constant ≥ −1 such that the following holds. Let be a Banach space, (0 ≤ ≤ ∞) 
Transference Principles
Unbounded Groups
First establish an interpolation version of the transference principle for unbounded groups , for all µ ∈ (ℝ) and (0 ≤ ≤ ∞), the convolution sequence of operators µ from (11) extends to bounded the sequence of operators on (1+ ) (ℝ; ), by Young's inequality. For ≥ 0 and µ ∈ (ℝ) let (µ ) ∈ (ℝ) be given by for all µ ∈ (ℝ) and ∈ ( , (1 + )).
Proof. Letµ ∈ (ℝ) be given and let µ be as in (7). By the proof of Theorem 3.2 in (Girardi, M., & Weis, L ,2003) , factorize µ as µ = ∘ µ . / ∘ , where
• ∶ → (1+ ) (ℝ; ) is given by
for + > fixed.
• ∶ (1+ ) (ℝ; ) → is given by
Then, using Hӧlder's inequality, 
Claim that ∶ ( ) → 1,(1+ ) (ℝ; ) and ∶ 1,(1+ ) (ℝ; ) → ( ) are well-defined and bounded. To prove this claim, first let ∈ ( ).
Then
This shows that ∶ ( ) → 1,1+ (ℝ; ) is bounded. To prove the claim for , fix ∈ (ℝ; ) and note that
for > −1. The latter expression converges to − ∫ ℝ ( )( ) ′ ( ) ∈ as → 0, by the dominated convergence theorem. Hence Finally, estimate the norms of and in this diagram by applying (5) to (13) and (15) respectively (14) and (16). This yields
for a constant ′ ≥ −1 independent of µ . Now Lemma 2.5 concludes the proof.
Bounded Groups
Establish a version of the classical transference principle on interpolation spaces, already stated in the Introduction as Proposition 1.1. In the proof use the convention 1/∞ ∶= 0. 
for all µ ∈ (ℝ) and ∈ ( , 1 + ).
Proof. First note that it suffices to establish (18) for measures with compact support. Indeed, approximating by measures with compact support then extends (18) to all µ ∈ (ℝ). So fix > 0 and let µ ∈ (ℝ) be such that supp(µ ) ⊆ ,− , -. Factorize µ using the abstract transference principle from (Shawgy, H., Simon, J., Ahmed, S., Murtada, A., Ranya, T., & Hala, T ,2018).. To this end, let ∈ ∞ (ℝ) be defined by Hence, with Uµ as in (7),
This shows that (7) is sharp in general, up to possibly a change of constant. By Lemma 2.5, the same holds for (18).
Corollary 2.7 yields the following result, Corollary 1.2 from the Introduction. , which cannot be improved in general, Remark 3.4.
Remark 3.7 If is a UMD space then (1) and the vector-valued Mikhlin multiplier theorem (Haase ,M ,2009) Corollary 3.5 then follows from (5), and in fact in this case .ℱµ / ′ need not be bounded near zero. However, the inhomogeneity of the Besov space implies that for general Banach spaces in Corollary 3.5 ( ) (1+ ),(1+ ) (ℝ; ) a condition at zero on the multiplier is needed to deal with the term . / 0 in Proposition 2.6.
Remark 3.8 Letting : = ℱµ , Corollary 3.5 yields series estimates
This is a functional calculus statement for ( ) , +1 involving functions on the real line. One may ask to which functions on the real line the definition of .( ) , +1 / can be extended in a sensible manner such that (23) holds. Take the closure of the Fourier transforms of measures in the space consisting of all functions ∈ 1 (ℝ) for which sup ∈ℝ | ( )| + (1 + | |)| ′ ( )| are finite, or approximate by holomorphic functions as in (Hytönen, T ,2004) ., using Theorem 4.1. This will yield a definition of for a class of functions on the real line and a bound as in (23), but the question then remains how this definition relates to other known extensions of functional calculi. In the present article we restrict ourselves to results about holomorphic functional calculi.
Functional Calculus Results
Use the theory established in the previous sections to prove the main functional calculus result, Theorem 1.3. Recall th definition of the analytic Mikhlin algebra 1 ∞ ( (1 + ) ) from (2). be as in (12). By Lemmas 2.1 and (7) and (Simon, J., Ahmed, S., Hala, T., & Ranya, T. , 2019) ,
for each (0 < < 1). Hence Theorem 4.1 yields ( )( − ) −( + ) ∈ ℒ( ) for all > ( ), ∈ 1 ∞ ( ) and > − . However, this in (Simon, J., Ahmed, S., Hala, T., & Ranya, T. , 2019) . Moreover, using arguments as in (Kalton, N. J., & Weis, L. , 2001) . implies that ( ) ∶ ( , + 1) →
/ are bounded for all ′ < and (0 ≤ ≤ ∞) , (0 ≤ ′ ≤ ∞) The improvement that Theorem 4.1 provides lies in going from ′ < to ′ = .
Remark 4.4 As already noted in Remark 3.6, could have used Fourier multiplier results on Besov spaces other than Corollary 2.7. These lead to statements about the boundedness of functional calculi for other function algebras (See .e.g., Markus ,H., &Jan ,R ,2016) .
For ∈ (0, ) define
and for ∈ (0, /2) and > 0, ∶= ∪ − , , ∶= (1 + ) ∪ .
Lemma 4.5 Let >́> 0 and ∈ (0, /2). Then ∞ ( , ) is continuously embedded in 1 ∞ ( (1 + )́ ).
Corollary 4.6 Let − be the sequence of generates 0 -group. ( )/ ∈ℝ ⊆ ℒ( ) on a Banach space and let (0 < < 1) and(0 ≤ ≤ ∞). Then ( ) ,1+ has a bounded ∞ . , /-calculus for all > ( ) and ∈ (0, /2).
Considered functional calculus on interpolation spaces for the couple ( , ( )). The next corollary extends our results to other interpolation couples. for some ∈ ℕ 0 and (0, < ′ < 1). Another similarity transform shows that let = 0. By what already shown and (5), this concludes the proof.
Additional Results
Consider several results which follow from Theorem 4.1. Corollary 4.7 can be applied in this section to yield results for other interpolation couples.
First state a proposition about the convergence of certain principal value integrals, an interpolation on general Banach spaces. If ∈ 1 ,−1, 1is an even function then by ( − ( )/ ) mean the distribution defined by
for ∈ ∞ (ℝ) compactly supported. By BV,−1, 1denote the functions of bounded variation on ,−1, 1-. 
for all (0 < < 1), (0 ≤ ≤ ∞) and ∈ ( , 1 + ). 
)-valued function for all ′ < and (0 ≤ ′ < ∞). Compare this with Remark 2.3.
Results for Sectorial Operators and Cosine Functions
the sequence of operators on a Banach space is sectorial of angle ∈ (0, ) if ( ) ⊆ j ̅̅̅̅ , where are as in (28), and if sup * ∑ ‖ ( , )‖ | ∈ ℂ \ + < ∞ for all ∈ ( , ) . A functional calculus for sectorial sequence of operators can be constructed by a method similar to the one used for strip type sequence of operators. For details in (Haase ,M ., 2009 ).
If are injective sectorial sequence of operators of angles ∈ (0, ) then log ( ) are defined, as is ( ) for all and (0 ≤ ≤ ∞). By (Haase ,M.,2009 ), a special case of which was proved by (Haase ,.M.,2006) , the parts of in Then are the sequence of operators of parabola types = ( ). This means that ( ) ⊆ j ̅̅̅̅̅ , where ∶= * 2 | ∈ (1 + ) + , and that for alĺ> there exists ́≥ 0 such that ∑‖ ( , )‖ ≤ ∑√ | |(|Im( √ )| − ́)
. ∉ ́/ For such sequence of operators there are natural functional calculus, as before, and a version of Lemma 2.2 holds. For details see (Lunardi, A. , 2009 ). For > 0 let 1
